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QCD not the main driving force for future colliders … 
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๏But is crucial for many Precision Measurements (signals & backgrounds): 
• QCD Corrections: affects most precision cross sections & decays 

• High-precision : affects all QCD processes & precision observables 

• b/c/uds/g separation (jet substructure): needed for precision SM 
measurements, boosted decays, and BSM searches with final jets ( pp) 

• Non-perturbative QCD: affects final states with jets (hadronisation 
effects, colour reconnections, precision mW, mt measurements,…): 
hadronic  , heavy-flavour decays, …  

๏+ Fundamental QCD: 
• SU(3) gauge field theory: amplitudes; colour flow; resummations/showers. 

• Dynamics of confinement. QFT beyond perturbation theory. QCD Strings.  

+ Interplay with Next Hadron Collider (eg fragmentation modelling, , …)

αs

↔

e+e− → Z, W+W−, tt̄ → 4j,6j, …

αs

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

(Slide adapted from D. d’Enterria)



QCD at Lepton Colliders
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๏Hard Processes: 

๏Hadronic Channels: 
•  

•  
•  
•  

•  hadron decays 
(flavour physics) 

•

γ*/Z → qq̄, cc̄, bb̄

W+ → qq̄′ , cq̄, qb̄, cb̄

H → b̄b, cc̄, gg, V*V

t → bW

K, D, B
+ coloured BSM 
states or decays?

γ*/Z, W+W−, HZ, Hνν̄,ℓ+ℓ− →

•+ “ISR”: , γγ → qq̄ , W+W−, H, …

tt̄ , …

+ Loops



Past Lepton Colliders = QCD Discovery Machines
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๏PETRA (DESY) : CELLO, JADE, MARK-J, PLUTO, TASSO 
•Discovery of the gluon (1979): 3-jet events 
•Discovery of the JADE effect (1980)  

๏ (a.k.a. the “string effect”) 

s ∼ 20 − 30 GeV

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

 (Focus here on high-energy colliders, with CM energies )s ≳ 10 GeV

3-jet event at TASSO (1980)

1980: string (colour coherence) e↵ect

quark

antiquark

gluon

string motion in the event plane
(without breakups)

Predicted unique event structure;
inside & between jets.
Confirmed first by JADE 1980.

Generator crucial
to sell physics!

(today: PS, M&M, MPI, . . . )

Torbjörn Sjöstrand Status and Developments of Event Generators slide 5/28

Jet #2

Jet #3

Jet #1 Jet #1

Will return to this later in the lecture 



1990 - 1995: LEP 1 (CERN)
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๏LEP 1: : ALEPH, DELPHI, L3, OPAL 

•A few million Z decays per experiment. 
•➜ The main EXP constraints on all MC 
hadronisation models now used at LHC 
•Summaries of QCD measurements 
typically among the top-20 highest-
cited papers of each experiment 

s = MZ = 91.2 GeV

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

๏(+ around the same time precursors to B-Factories): 
•TRISTAN (KEK)  ➜  KEKB: Belle, now Belle II 

•SLC (SLAC)   (but lower  than LEP) ➜ PEP-II: BaBar

s ∼ 55 GeV < MZ

s ∼ MZ ℒ



Source Systematic Uncertainty in MeV

on mW on ΓW

qq!ν! qqqq Combined

ISR/FSR 8 5 7 6

Hadronisation 13 19 14 40

Detector effects 10 8 9 23

LEP energy 9 9 9 5

Colour reconnection − 35 8 27

Bose-Einstein Correlations − 7 2 3

Other 3 10 3 12

Total systematic 21 44 22 55

Statistical 30 40 25 63

Statistical in absence of systematics 30 31 22 48

Total 36 59 34 83

Table 7.3: Error decomposition for the combined LEP W mass and width results using the
direct reconstruction method. Information from cross-section measurements at the W-pair
production threshold are not included in the W-mass uncertainties. Detector effects include
uncertainties in the jet and lepton energy scales and resolution. The ‘Other’ category refers to
errors, all of which are uncorrelated between experiments, arising from: simulation statistics,
background estimation, four-fermion treatment, fitting method and event selection. The error
decomposition in the qq!ν! and qqqq channels refers to the independent fits to the results from
the two channels separately. Large correlated uncertainties, mainly from FSI, lead to a reduced
weight of measurements contributing to the average result and thus an increased statistical
uncertainty both in the qqqq channel and for the LEP combination.

to 37− 42 MeV.
A cross-check of the LEP energy determination is performed by analysing e+e− → Z+ γ →

ff + γ events with hard ISR photons, mostly emitted at small polar angles with respect to
the beam directions. In these events with a so-called radiative return to the Z, the mass of
the 2-fermion system is calculated from the fermion production angles only, assuming energy-
momentum conservation. The mass spectrum exhibits a peak around the Z mass value. Com-
paring the Z mass, mff

Z , determined from this spectrum with the precise value of mZ measured
at Z pole energies [4] is equivalent to a test of the LEP centre-of-mass energy (see Appendix C
for further details):

∆
√
s =

√
s−

√
sLEP =

√
s
mff

Z −mZ

mZ
, (7.4)

with the nominal value of
√
sLEP [246] provided by the LEP energy working group. When

combining all available LEP data [151, 255, 256, 257] with Z decays to hadrons, and to electron,

135

arXiv:1302.3415  

Main sources of uncertainty: non-perturbative QCD

1995 - 2000: LEP II (CERN)
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๏LEP 2: MZ    209 GeV  
•Instead of ZH: ~10k  per experiment 

๏   

๏

≤ s ≤
W+W−

⟹ MLEP
W = 80.376 GeV ± 33 MeV

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

2 53. Mass and width of the W boson

80.2 80.4 80.60
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0.052±80.415 OPAL

0.033±80.376 LEP2
/dof = 49/412χ

0.019±80.389 CDF
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Figure 53.1: Measurements of the W-boson mass by the LEP, Tevatron and LHC
experiments.

Good agreement between the LEP and Tevatron results is observed. Combining these
results, assuming no common systematic uncertainties between the LEP and the Tevatron
measurements, yields an average W mass of MW = 80.385± 0.015 GeV and a W width
of ΓW = 2.085± 0.042 GeV.

At the 2016/17 winter conferences, the ATLAS collaboration presented a measurement
of the mass of the W boson in pp collisions at

√
s = 7 TeV, MW = 80.370± 0.019 GeV,

since then published [6], which is compatible with the above world average and of
similar precision to the best measurements of CDF and D0. Assuming a Tevtaron/LHC
common PDF uncertainty of 7 MeV [7], this results in a new world average of
MW = 80.379± 0.012 GeV.

The LEP, Tevatron and LHC results on mass and width, which are based on all results
available, are compared in Fig. 53.1 and Fig. 53.2. The Standard Model prediction from

June 1, 2020 08:27

 Not quite enough to reach  GeVMZ + MH = 216



Future Lepton Colliders
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FCC-ee (CERN) / CEPC (China) 

Circular  

Main Target: ZH @ 250 GeV 

Range: [90, 350] GeV 

(+ subsequent upgrade to FCC-hh / CPPC)

ILC (Japan) 

Linear  

Main Target: ZH @ 250 GeV 

Range: [90, 500] GeV

CLIC 

CERN 

Linear+ 

  s ≲ 3 TeV

Muon Collider 

? 

Circular  

  ?s ≲ 10 TeV

Plasma Wakefield 
Collider? 

Other Future 
Technologies?

This is a rough overview of what we will talk about; expect more details in coming days



Luminosity vs Energy
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Note: design studies are evolving; numbers not set in stone. 
(Also, achievable total lumi at circular colliders  number of interaction points)∝

QCD Snowmass Meetg, June 2020                                                               David d'Enterria (CERN)7/20

Future eFuture e++ee–– colliders under discussion colliders under discussion

■  FCC-ee features lumis a few times larger than other machines over 90–300 GeV

■  Unparalleled Z, W, jets, �,… data sets: Negligible a
s
 stat. uncertainties  

CIRCULARCIRCULAR

LINEARLINEAR

  FCC-ee

  CepC

  ILC

  CLIC

[D. d’Enterria, Snowmass ’20]Z WW HZ tt̄

Giga-Z @ ILC: 
LEP 1103 ×

Tera-Z @ FCC-ee 
LEP 1106 ×

L
[1

034
cm

−
2 s−

1 ]

➜ Muon Collider?



QCD ReminderQCD Reminder



Quantum Chromodynamics (QCD)
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๏Elementary interactions encoded in the Lagrangian Density
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P.  S k a n d s

The Constituents of QCD

The elementary interactions are encoded in the Lagrangian 
QFT → Feynman Diagrams → Perturbative Expansions (in αs)

3

The Lagrangian of QCD

L =  ̄i
q(i�

µ)(Dµ)ij 
j
q�mq ̄

i
q qi�

1

4
Fa

µ⌫F
aµ⌫

The Lagrangian of QCD in white

L =  ̄i
q(i�

µ)(Dµ)ij 
j
q�mq ̄

i
q qi�

1

4
Fa

µ⌫F
aµ⌫

1

Gauge Covariant Derivative: makes L 
invariant under SU(3)C rotations of ψq

Gluon-Field Kinetic Terms 
and Self-Interactions

mq: Quark Mass Terms 
(Higgs + QCD condensates)

ψ̄q

Aµ

ψq

ψqL ψqR
gs

mq

gs gs2

Quark Fields

�j
q =

�

⇥
�1
�2
�3

⇤

⌅
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THE BASIC ELEMENTS OF QCD: QUARKS AND GLUONS
๏gs2 = 4παs
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THE BASIC ELEMENTS OF QCD: QUARKS AND GLUONS
๏gs2 = 4παs

Perturbative expansions ➜ Feynman rules
LEGO blocks for building QCD scattering and decay amplitudes

Unique aspects: Non-Abelian colour flow; asymptotic freedom; large αs(MZ) ∼ 0.12



More than just a (fixed-order perturbative) expansion
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At short distances: QCD is essentially a theory of free partons that 
scatter off each other through smallish quantum corrections. 
Perturbatively calculable.  

Perturbative QCD (pQCD) corrections may be large: magnitude of ; 
sum over colours; and/or -order soft/collinear enhancements. 

At long distances: strongly bound hadronic resonances; confinement; 
meson & baryon flavour multiplets (+ excitations; + exotics).  

(Some observables, called Infrared and Collinear Safe, can still be 
computed perturbatively.) 

Nonperturbative QCD corrections & dynamics: strongly coupled QFT; 
fundamentally unsolved problem. Addressed by combination of direct 
simulations (lattice QCD), factorisation theorems (+ parametrised fits), 
and phenomenological models (Monte Carlo Generators).

αs
∞



Perturbatively Calculable ⟺ “Infrared and Collinear Safe”
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๏Definition: An observable is infrared and collinear safe if it is insensitive to

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

SOFT radiation:  
Adding infinitely soft particles (zero-energy) does not change the value of the observable

COLLINEAR radiation: 
Splitting an existing particle up into n comoving ones (conserving the total momentum 

and energy) does not change the value of the observable

Ensures that virtual and real singularities go in “same bin” (of histograms), and hence cancel 

➜ Observable can be computed perturbatively & hadronisation effects suppressed by (Λ/Q)n

IRC safe observables isolate perturbative physics at scales   
IRC sensitive ones ➜ study hadronisation effects (with perturbative input)

Q ≫ ΛQCD ∼ 𝒪(GeV)



LHC Run 1+2: no “low-hanging” new physics 

High-Lumi LHC + Future Colliders ➜ high-accuracy theory 

(Ulterior Motives for Studying QCD)
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There are more things in heaven and 
earth, Horatio, than are dreamt of in 

your philosophy Hamlet

+ … … … ?

Th
e 

St
an

da
rd

 M
od

el



αs

The fundamental parameter* of QCD 
Opportunities and Challenges for 
measuring the QCD coupling αs

*Fundamental in the sense of determining the Lagrangian density of massless QCD. I.e., as distinct from “emergent” non-
perturbative ones like the QCD string tension and hadron masses, and non-QCD ones like quark Yukawa couplings.

3/20QCD Snowmass Meetg, June 2020                                                               David d'Enterria (CERN)

QCD coupling QCD coupling aa
ss

➧Determines strength of the strong interaction between quarks & gluons.

➧Single free parameter of QCD in the m
q 
 0 limit.

➧Determined at a ref. scale (Q=m
Z
), decreases as a

s
~ln(Q2/L2), L~0.2 GeV 

➧Least precisely known of all interaction couplings !

      da ~10-10 ≪ dG
F 
≪ 10-7 ≪ dG~10-5≪ da

s
~10-3

-1

Uncert.~6% Uncert.~2.5%

➧ ➧➧

2019             

Uncert.~0.85%

[D. d’Enterria, Snowmass ’20]



Perturbative QCD
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๏asdasdasd 
•sdfsdf 

๏ ssdfsdf 
๏ sdfgsfg 

qsdfsd

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

P.  S k a n d s

QCD in the Ultraviolet

๏At high scales Q >> 1 GeV 
•Coupling αs(Q) << 1 
•Perturbation theory in αs should 
be reliable: LO, NLO, NNLO, …

7

From S. Bethke, 
Nucl.Phys.Proc.Suppl. 

234 (2013) 229

Full symbols are results based on N3LO QCD, open circles are based on NNLO, open 
triangles and squares on NLO QCD. The cross-filled square is based on lattice QCD. 

pp –> jets (NLO)

QCD _  (S  ) = 0.1184 ± 0.0007s Z

0.1

0.2

0.3

0.4

0.5

_s (Q)

1 10 100Q [GeV]

Heavy Quarkonia (NLO)
e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

April 2012

Lattice QCD (NNLO)

Z pole fit (N3LO)

o decays (N3LO)

!•! 1st!jet:!! pT!=!520!GeV!! !
!•! 2nd!jet:!! pT!=!460!GeV!! !
!•! 3rd!jet:!! pT!=!130!GeV!! !
!•! 4th!jet:!! pT!=!!50!GeV! !

E.g., in event shown on previous slide:

b0 =
11CA � 2nf

12⇡

b1 =
17C2

A
� 5CAnf � 3CFnf

24⇡2

=
153� 19nf

24⇡2

Q2 @↵s

@Q2
= �(↵s)�(↵s) = �↵2

s(b0 + b1↵s + b2↵
2
s + . . .) ,

b2
=

2857
� 5033

nf
+ 325n

2
f

128⇡
3

b3
= kno

wn

๏The “running” of αs: 

CA=3 for SU(3)

C

E.g., in the event shown a few slides 
ago, each of the six “jets” had 

 Q ~ ET = 84 - 203 GeV



Main Method at LEP : Event Shapes
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๏Event shapes = IRC safe observables 
that measure overall momentum flow 

•Also allow to determine 3 principal axes 

๏Two main classes 
•1) Thrust, Thrust Major, Thrust Minor 
•2) Sphericity, Sph Major, Sph Minor 

๏ Note: org was not IRC safe; now “linearised” 

๏

Lin Sph Tensor    

๏ With eigenvalues  

๏ E.g.,   in 2-jet limit 
๏ + several equivalent definitions

Θαβ =
∑i pα

i pβ
i / |pi |

∑i |pi |
α, β ∈ x, y, z

λ1 > λ2 > λ3

C = 3(λ1λ2 + λ2λ3 + λ3λ1) → 0

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

4 jets

3 jets

2 jets



Current state of the art for  from LEPαs
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๏LEP beams switched off in ’00; theory kept evolving: 
•NNLO 3-jet calculations: Weinzierl, PRL 101, 162001 (2008), and Gehrmann-de-Ridder, 
Gehrmann, Glover, Heinrich (EERAD), CPC185(2014)3331 
•+ new resummations: E.g., SCET-based N3LL for C-parameter: Hoang et al, 
PRD91(2015)094018 

๏  Reanalyses: new αs(mZ) extractions 
•E.g., 0.1123 ± 0.0015 from C-parameter @ NNLO + N3LL′ 

•

⟹

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

29 9. Quantum Chromodynamics
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Figure 9.2: Summary of determinations of –s(M2
Z

) from the seven sub-fields discussed in the text.
The yellow (light shaded) bands and dotted lines indicate the pre-average values of each sub-field.
The dashed line and blue (dark shaded) band represent the final world average value of –s(M2

Z
).

leads to the pre-average for this category of –s(M2
Z

) = 0.1187 ± 0.0052. We note that, while we
include this result in our final average, because of the large uncertainty of the two determinations

1st June, 2020 8:27am

Source: PDG

e+
e- CURRENT STATE OF THE ART: 

δαs

αs
∼ 𝒪(1%)

Important point (for any experiment):

Think (far) beyond the “current” theory state of the art.  
Theory calculations will keep improving & are far easier 
to redo/crosscheck years later than your experiment is.



Current state of the art for  from LEPαs
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๏LEP beams switched off in ’00; theory kept evolving: 
•NNLO 3-jet calculations: Weinzierl, PRL 101, 162001 (2008), and Gehrmann-de-Ridder, 
Gehrmann, Glover, Heinrich (EERAD), CPC185(2014)3331 
•+ new resummations: E.g., SCET-based N3LL for C-parameter: Hoang et al, 
PRD91(2015)094018 

๏  Reanalyses: new αs(mZ) extractions 
•E.g., 0.1123 ± 0.0015 from C-parameter @ NNLO + N3LL′ 

๏Note large spread among  extractions  
•➤ PDG  from ee = 0.1171 ± 0.0031 

•Compared with global = 0.1179 ± 0.0010  

•

⟹

e+e−

αs(M2
Z)

Monash UQCD Phys ics  a t  Future  Lepton Col l iders
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).

leads to the pre-average for this category of –s(M2
Z

) = 0.1187 ± 0.0052. We note that, while we
include this result in our final average, because of the large uncertainty of the two determinations

1st June, 2020 8:27am

Source: PDG

e+
e- CURRENT STATE OF THE ART: 

δαs

αs
∼ 𝒪(1%)

(δαs /αs)LEP
∼ 2.6 %

(δαs /αs)PDG
∼ 1 %



Inclusive  from Tera-Zαs
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๏Huge statistics at Tera-Z ➜ can extract  via accurate  
•Theory: most precise = most inclusive:  & Hadronic “R” ratio  

๏

  

๏

αs ΓZ→hadrons
σZ, ΓZ

Γ(e+e− → hadrons)
Γ(e+e− → μ+μ−)

= REW(Q)(1 +
∞

∑
n=1

ci ( αs

π )
n

+ 𝒪 ( Λ4

Q4 ))

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

 EXPECT  AT TERA-Z 
(ORDER-OF-MAGNITUDE IMPROVEMENT)
⟹ δαs/αs ∼ 𝒪(10−3)

(Apologies for not covering prospects specific to ILC)

• c1=1=LO; c2,c3 and c4 =  also known [Baikov et al, 2012]𝒪(α4
s )

(Summary of current measurements)

Total width  from 
threshold scan

ΓZ

๏ Conservative QCD scale variations →  ~ O(100 keV)  δαs ~ 3 x 10-4ΔΓhad ⟹



Inclusive  from WWαs
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๏Similar procedure for  
•Total  from WW threshold scan 

•Similar TH accuracy as for Z-boson R ratio  

•+ Huge increase over LEP ( ) ➜ Can be competitive! 

๏However, Born-level branching fractions now  
•  Parametric uncertainty from BRs to each  channel 

•Especially current |Vcs|~1.6% must be 
reduced (but only by factor ~ 3 to be 
competitive) 
•(aim beyond current state of the art)

ΓW→hadrons

ΓW

104 → 108

∝ |VCKM |2

⟹ W → uid̄j

δ

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

(Apologies for not covering prospects specific to ILC)

Vij

αs

+ 2-jet veto to suppress background from                
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aa
ss
 from hadronic Z decays (FCC-ee) from hadronic Z decays (FCC-ee)

➧10 times better precision than today:

  da
s
/a

s
 ~ ±0.2% (tot), ±0.1% (exp)

   Strong (B)SM consistency test.

➧QCD coupling extracted from:

 (i) combined fit of 3 Z pseudo-observ:

 (ii) full SM fit (with ⇥
s
 free parameter)

➧FCC-ee:

 – Huge Z pole stats. (�105 LEP)

 – Exquisite systematic/parametric 

    precision (stat. uncert. much smaller):

 – TH uncertainty reduced by �4 computing

    missing a
s
5, a3, aa

s
2,aa

s
2,a2a

s
 terms

a
s
(m

z
) = 0.12030 ± 0.00028  (±0.2%)

➧

DdE, Jacobsen: arXiv:2005.04545 [hep-ph]

Global fit for αs
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๏SM global fit 
•EWSB ➜ SM parameters not all 
independent.  
•Pre-2012 fit for unknown mH:

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

But we know the Higgs mass now 

➜ Let  float instead?αs

“The blue-
band plot”

14/20QCD Snowmass Meetg, June 2020                                                               David d'Enterria (CERN)

aa
ss
 from hadronic Z decays (FCC-ee) from hadronic Z decays (FCC-ee)

➧10 times better precision than today:

  da
s
/a

s
 ~ ±0.2% (tot), ±0.1% (exp)

   Strong (B)SM consistency test.

➧QCD coupling extracted from:

 (i) combined fit of 3 Z pseudo-observ:

 (ii) full SM fit (with ⇥
s
 free parameter)

➧FCC-ee:

 – Huge Z pole stats. (�105 LEP)

 – Exquisite systematic/parametric 

    precision (stat. uncert. much smaller):

 – TH uncertainty reduced by �4 computing

    missing a
s
5, a3, aa

s
2,aa

s
2,a2a

s
 terms

a
s
(m

z
) = 0.12030 ± 0.00028  (±0.2%)

➧

DdE, Jacobsen: arXiv:2005.04545 [hep-ph]

+ Full SM fitσZ, ΓZ, RZ

Strong (B)SM consistency test



Tera-Z is also a “  factory”τ
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๏Hadronic  decays 
•Expect O(1011)  decays from  

•

 also known to  

๏Competitive (?)  
•Will need to control non-perturbative 

effects 
•Work to be done … 
•(aim beyond current state of the art)

τ

τ Z → τ+τ−

Rτ =
Γ(τ → hadrons)
Γ(τ → ντe−ν̄e)

𝒪(α4
s )

(Λ/mτ)2 ∼ 1 %
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29 9. Quantum Chromodynamics
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Figure 9.2: Summary of determinations of –s(M2
Z

) from the seven sub-fields discussed in the text.
The yellow (light shaded) bands and dotted lines indicate the pre-average values of each sub-field.
The dashed line and blue (dark shaded) band represent the final world average value of –s(M2

Z
).

leads to the pre-average for this category of –s(M2
Z

) = 0.1187 ± 0.0052. We note that, while we
include this result in our final average, because of the large uncertainty of the two determinations

1st June, 2020 8:27am

e+
e-

↔ Recall the plot showed earlier



Lepton PDFs and …

 Collisionsγγ Collisionsγγ



Lecture 2: Beyond Fixed Order
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๏To start with, consider what a charged lepton really looks like  
•If it is charged, it has a Coulomb field
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Weiszäcker (1934) & Williams (1935) 
noted that the EM fields of an electron in 
uniform relativistic motion are 
predominantly transverse, with  

Just like (a superposition of) plane waves!  

➤ Fast electrically charged particles carry 
with them clouds of virtual photons  

a.k.a. “the method of virtual quanta” (e.g., Jackson, 
Classical Electrodynamics) or “the equivalent photon 
approximation” (EPA)

|E | ≈ |B |



Photon Spectra
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Figure 1. PDFs in a high-energy lepton for (a) an electron and (b) a muon below the EW scale at
Q = 30 (50) GeV; and for (c) an electron and (d) an muon above the EW scale at Q = 3 (5) TeV.

2.2 PDFs and partonic luminosities at a lepton collider

With the formalism in the last section, we can compute the parton distribution functions of
quarks and the gluon in a high-energy lepton, along with leptons and the photon. Because of
the complexity of the coupled integrodi↵erential equations, one encounters highly technically
challenging calculations. The details are left for a future work [42].

At the low energy below µEW, the massive gauge bosons, neutrinos, and the top quark
are inactive. We only have the PDFs for the flavors specified in Eq. (2.5) plus the photon
and gluon. We show the PDFs for an electron beam (e±) in Fig. 1(a) and a muon beam (µ±)
in Fig. 1(b) for the factorization scales Q = 30 (50) GeV.

The initial condition for a valence lepton PDF is set as in Eq. (2.6). Including the leading
soft radiation near x ! 1, it behaves as 1/(1 � x). In the low-x limit (x ! 0), the valence
PDF deviates from the leading 1/(1�x) behavior, and receives 1/x (and log x) enhancement
from higher order splitting � ! `+`�. It coincides with sea flavor f`val ⇠ f¯̀

val
shown explicitly

in Fig. 1, because � ! `+`� splitting gives the same amount of `+ and `�.
The photon is generated dynamically through the splitting of charged particles, `(q) !

`(q)�. The leading order splitting gives the traditional Equivalent Photon Approximation
(EPA) [43, 44]

f�/`,EPA(x� , Q
2) =

↵

2⇡

1 + (1� x�)2

x�
log

Q2

m2
`

, (2.16)

– 5 –

๏Same (DGLAP) language as for hadron PDFs 
๏But lepton PDFs can be computed perturbatively, starting from: 

•   

๏+ differential evolution 

๏with (DGLAP) kernel 

•    (@ LO) 

•with  

•(+ higher orders; non-QED)

fe/e(x, m2
e ) = δ(1 − x)

PQED
e→eγ(z) =

1 + z2

1 − z

Eγ = (1 − z)Ee

the production of colored states [26]. In fact, quark contributions to QCD jet production
in e+e� collisions were considered in the literature [27]. They are the dominant phenomena
in the kinematical region with forward-backward scattering and lower energy transfer. It is
thus important to have a clear understanding of the events and the characteristics taking
into account the EW and QCD interactions of the partons in high-energy lepton collisions.
Motivated by the recent discussions on the future high-energy e+e� or µ+µ� colliders, we
consider a collider with the c.m. energies

p
s = 3 TeV � 15 TeV, (1.1)

with a few benchmark points as 3 TeV, 6 TeV, 10 TeV, and 14 TeV. The 3-TeV c.m. energy
is the benchmark for the Compact Linear Collider [3] and the higher energies are those under
discussion for future muon colliders [1].

In Sec. 2, we present the full DGLAP equations for the quarks and gluons coupled to
the EW sector in the SM. In dealing with the full SM spectrum, the physics is characterized
by two scales, namely, ⇤QCD ⇠ 200 MeV and ⇤EW ⇠ 250 GeV. To assure perturbativity,
we take µQCD = 0.5 GeV, inspired by the critical scale adopted in Ref. [27]. The di↵erent
choice of µQCD is ascribed to the non-perturbative uncertainty. The EW threshold is taken at
µEW = MZ to excite the EW gauge bosons and the top quark. We solve DGLAP equations
numerically and calculate the quark and gluon PDFs of a lepton at representative factorization
scales. We find substantial quark and gluon luminosities resulting from an initial electron and
a muon, especially in the relatively low invariant mass region.

After setting up the QCD/EW partonic formalism, we calculate the SM prediction for
some leading production processes at high-energy electron and muon colliders as shown in
Sec. 3. In particular, we present in detail the QCD jet production initiated by quarks and
gluons, which present the dominant contributions, up to the transverse momenta about 60
GeV. We summarize our results and conclude Sec. 4.

2 The parton distribution functions for quarks and gluons

Di↵erent from a proton beam, the parton contents inside of a lepton can be calculated per-
turbatively. The evolutions of parton distribution functions (PDFs) over a factorization scale
Q are governed by the well-known DGLAP equations [28–31]

dfi
d logQ2

=
X

I

↵I

2⇡

X

j

P I
i,j ⌦ fj , (2.1)

where the index I loops the di↵erent SM interactions. The symbol ⌦ stands for a convolution

[f ⌦ g] (x) =

Z 1

0
d⇠d⇣�(x� ⇠⇣)f(⇠)g(⇣) =

Z 1

x

d⇠

⇠
f(⇠)g

✓
x

⇠

◆
. (2.2)

P I
i,j are the splitting functions for j ! i under the SM interaction I, and x is the momentum

fraction carried by the daughter particle i. The QCD and QED splitting functions are known
for decades and can be found in textbooks [32, 33]. The QED corrections to quark and gluon
PDFs of a proton including the photon PDF have been considered in Refs. [34–36]. Recently,

– 2 –

Han, Ma, Xie [arXiv:2103.09844]

Who said leptons 
were point-like?

Standard procedure to isolate “pointlike” 
component: veto on hard ISR events



Photon-Photon Luminosities at FCC-ee, ILC (and LHC)
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๏Large photon luminosities for xγ ≲ 0.1
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 ℒ(Wγγ > 0.1Ee) ∼ 10−2ℒee

ℒ(Wγγ > 0.5Ee) ∼ 0.4 ⋅ 10−3ℒee

Higgs: 100 H/ab−1

 processes:γγ

Can also produce 
ττ, WW, γγ

  
vs   

 dominant at high   
(despite   penalty) 

Note: photon has hadronic 
substructure of its own. Low-
virtuality photon ~  meson 
(Vector Meson Dominance)

σ(γγ → qq̄) ∝ ln(s)
σ(e+e− → qq̄) ∝ 1/s

γγ s
102 − 103 ℒ

ρ

QCD:



Reminder: Factorisation in High-Energy Processes
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Factorization

d⇤

dX
=

⇥

a,b

⇥

f

�

X̂f

fa(xa, Q
2
i )fb(xb, Q

2
i )

d⇤̂ab�f(xa, xb, f, Q2
i , Q

2
f)

dX̂f

D(X̂f � X, Q2
i , Q

2
f)

20

PDFs: needed to compute 
inclusive cross sections

FFs: needed to compute 
(semi-)exclusive cross sections

     Especially useful when in/out states contain hadrons (but applicable also to ) ℓ/γ

Hard Process 
Fixed-Order QFT

๏Formal separation of short-distance interactions from longer-
distance incoming and outgoing states
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Both combine all-orders (perturbative) DGLAP resummations  
+ (for in/out-going hadrons) non-perturbative input

PDFs  
~ probability to find high-scale 
parton  in low-scale incoming 
particle  (with ) 

fA
a (xa, Q2)

a
A Ea = xEA

Fragmentation Functions   
~ probability for high-scale outgoing 
parton, , to produce low-scale 
outgoing particle  (with )

Df
F(z, Q2)

f
F EF = zEf



➠ Fragmentation Functions
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๏Same (DGLAP) evolution 
equations as PDFs 

•Current world-leading 
measurements done at B 
factories (Belle) at low 

 

•Comparable stats at Tera-Z 
๏ One order higher in  
๏ + 1% |p| resolution  very fine 

binning all the way to z ~ 1. 

•Higher   smaller mass 
effects at low z;  

๏ Good tracking to |p| ~ 400 MeV    
➜ reach     (ln(z) = -4.5)

s = 11 GeV

s
→

s →

z ∼ 0.01
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My (first), non quantified,  take on FCC-ee
program

� Supercharged LEP
¡ Mainly data on the Z pole of interest otherwise 

statistically limited (but still interesting)
� Precision of theory and experiment big 

advantage à Complementary to pp SIDIS
¡ Evolution
¡ Transverse momentum dependence in h+Jet

Fragmentation
¡ Gluon FFs
¡ Smaller mass effects at low z
¡ Flavor separation (polarization?)

� Flavor structure for FFs of Hyperons and other 
hadrons that are difficult to reconstruct in pp
and SIDIS

� Heavy Quark FFs – Also from H decay?
� Larger multiplicities: Parity violating FF <V7:

Local strong parity violating effects (next…)

z
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

)
s

 c
(

×
/d

z
 

σ
 d

to
t.

h
a
d

.
σ

1
/

1
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210
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410
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+X Production±π → -e+World Data (Sel.) for e

)
910×3×

ALEPH 91GeV (
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ARGUS 9GeV, 10GeV (
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CLEO 10GeV (

)
1010×5×

DELPHI 91GeV (

1)×

Ronan et al. 3GeV (

)
1210×

SLD 91GeV (

)
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TASSO 34GeV, 44GeV (

)
610×2×

TPC 29GeV (

0.04)×

this meas., Belle 11 GeV (

+X Production±π → -e+World Data (Sel.) for e

28

CEPC/FCC-ee?

Field now moving towards NNLO accuracy: 1% errors (or better)

Ev
ol

ut
io

n

Sc
al

in
g
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๏FFs from Belle to FCC-ee: Precision of TH and EXP big advantage. 
Complementary to pp and ep. 

๏FFs of hyperons + other hadrons difficult to reconstruct in pp and ep 
•Challenge: Will depend on Particle Identification Capabilities. 

๏Gluon Fragmentation Functions, Heavy-quark Fragmentation Functions, 
pT dependence in hadron + jet, polarisation,…  

๏+ Ultra-Low Z ? (Non-Relativistic Pion Limit) 
๏ If needed, could get (LEP) sample in ~ 1 minute running with lower B-field 
๏ 3 tracker hits down to 30-40 MeV would allow to reach   (ln(z) = -7)

𝒪
z ∼ 10−3
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Field now moving towards NNLO accuracy: 1% errors (or better)

(Some) Further Opportunities: 



Why Care?
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๏Maybe FFs don’t sound that exciting to you … 
•Why care about pion spectra from high-energy quarks and gluons? 

๏Confinement remains among the most fundamental unsolved problems 
in physics (& mathematics) 

•Clay Mathematics Institute Millennium Prize: $1 Million 

๏FFs & PDFs are just the simplest of a class of functions that parametrise 
non-perturbative dynamics 

•Non-perturbative functions that obey perturbative evolution eqns. 
•From simple 1-particle spectra to 2-, 3-, n-particle correlations (with PID) 
•(+ other IR sensitive physical observables like hadron masses, …) 

๏(+ they have some uses, eg pion spectrum from DM annihilation, … ) 

Monash UQCD Phys ics  a t  Future  Lepton Col l iders



Beyond Fragmentation Functions
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๏Confinement in QCD remains a 
fundamental and unsolved problem.  

•Affects all final states with jets: fragmentation 
uncertainties, colour reconnections, … 

•+ interesting (stringy) physics in its own right   

๏

Relative momentum kicks of order  ~ 100 MeV must be well resolvedΛQCD

Must be able to tell which hadrons are which (strangeness, baryon number, spin) ➤ PID 

What does that mean for experiments?

+ good coverage to tell how global/local conservation laws are acting



Aim Beyond Current State of the Art
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๏Currently at LHC 
•Aggressive testing of LEP-era phenomenological hadronisation models 
•Tantalising discoveries of “collective phenomena”  new insights & questions 
•Strangeness enhancements and collective flow in “dense” environments  

๏A day will come when someone (claims to) have a solution, or at least a 
systematically improvable approximation to the problem of confinement / 
hadronisation 

๏Program of precision QCD measurements at next lepton collider  
•Ultimate trial by fire for any future treatment of confinement in high-energy 
processes 

๏Bonus: high(er)-precision jet calibrations (particle flow) ? 
๏ Accurate knowledge (+ modeling) of particle composition & spectra

→



Perturbative  Non-perturbative: ⊗ Dq
π(x, Q̂2

F), Dq
K(x, Q̂2

F), …

The FF (Collinear Factorisation) View of Confinement
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๏Consider a parton emerging from a hard scattering (or decay) process
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It showers: perturbative 
(DGLAP) evolution 
from  to  Q̂F QHAD

It ends up at a low 
effective factorization scale  

QHAD ∼ mρ ∼ 1 GeV

It starts at a high 
factorization scale 

  Q̂F = Qhard

Initial condition: 
parton with x = 1

∂D(x, Q2)
∂ ln Q2

=
αs

2π ∑
i∈QCD

Pi(z) ⊗ D(x/z, Q2)

Perturbative evolution

Dq
π(x, QHAD), Dq

K(x, QHAD), …
Nonperturbative fragmentation

Magic

Dq
q(x, Q̂F, QHAD)

q
π

K0
SΛ

“Local Parton 
Hadron 

Duality" (LPHD)



Do that for all partons in an event  Physical Model?→
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q
π 

π 
π 

๏➜ Early models: “Independent Fragmentation”  
•LPHD can give useful results for semi-inclusive quantities like particle rates 
and spectra (Fragmentation Functions, within the framework of collinear factorisation) 
•Motivates a simple model: 

๏But …  
•The point of fragmentation is that partons are coloured  
•Hadronisation = the process of colour confinement 
•Independent fragmentation of a single parton into hadrons is unphysical 
•→ Too naive to see LPHD (inclusive) as a justification for Independent 
Fragmentation (exclusive) → More physics needed

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

“Independent Fragmentation”
(e.g., Field-Feynman, ISAJET) 



Space
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e

Early times 
(perturbative)

Late 
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an
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R moving along left lightcone

non-perturbative

pQCD

Colour Neutralisation
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๏A physical hadronization model  
•Should involve at least two partons, with opposite color charges* 
•A strong confining field emerges between the two when their separation ≳ 1fm
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๏ *) Really, a colour singlet state ; Colour flow rules tell us which 

partons to pair up (at least to Leading Colour; see arXiv:1505.01681) 
•

1

3 ( RR̄⟩ + GḠ⟩ + BB̄⟩)

https://arxiv.org/abs/1505.01681


Linear Confinement
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๏Lattice QCD: explicit computer simulations of QCD action on a 4D “lattice”  
•Compute potential energy of a colour-singlet  state, as a function of the 
distance, r, between the  and  

qq̄
q q̄

Monash UQCD Phys ics  a t  Future  Lepton Col l iders
P.  S k a n d s

Long Wavelengths > 10-15 m

๏Quark-Antiquark Potential 
•As function of separation distance

17

46 STATIC QUARK-ANTIQUARK POTENTIAL: SCALING. . . 2641

Scaling plot
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FIG. 4. All potential data of the five lattices have been scaled to a universal curve by subtracting Vo and measuring energies and

distances in appropriate units of &E. The dashed curve correspond to V(R)=R —~/12R. Physical units are calculated by exploit-
ing the relation &cr =420 MeV.

AM~a=46. 1A~ &235(2)(13) MeV .

Needless to say, this value does not necessarily apply to
full QCD.
In addition to the long-range behavior of the confining

potential it is of considerable interest to investigate its ul-
traviolet structure. As we proceed into the weak cou-
pling regime lattice simulations are expected to meet per-

turbative results. Although we are aware that our lattice
resolution is not yet really suScient, we might dare to
previe~ the continuum behavior of the Coulomb-like
term from our results. In Fig. 6(a) [6(b)] we visualize the
confidence regions in the K-e plane from fits to various
on- and off-axis potentials on the 32 lattices at P=6.0
[6.4]. We observe that the impact of lattice discretization
on e decreases by a factor 2, as we step up from P=6.0 to

150

140

Barkai '84 o
MTC '90
Our results:---

130-
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110-

100-

80—
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FIG. 5. The on-axis string tension [in units of the quantity c =&E /(a AL ) ] as a function of P. Our results are combined with pre-
vious values obtained by the MTc collaboration [10]and Barkai, Moriarty, and Rebbi [11].

~ Force required to lift a 16-ton truck

LATTICE QCD SIMULATION. 
Bali and Schilling Phys Rev D46 (1992) 2636

What physical!
system has a !
linear potential?

Short Distances ~ “Coulomb”

“Free” Partons

Long Distances ~ Linear Potential

“Confined” Partons 
(a.k.a. Hadrons)

(in “quenched” approximation)

What physical system has 
a linear potential?

(→ could lift a 16-ton truck)V (r) = �a

r
+ r
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“Cornell Potential” fit: with κ ∼ 1 GeV/fm



Motivates a Model
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๏Consider a colour-singlet  system emerging from a hard processqgq̄

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

•Quarks → String Endpoints 

•Gluons → Transverse 
Excitations (kinks) 

→ “STRING EFFECT”
H

ad
ro

ns

Computer algorithms to model this process began to be developed in late 70’ies and early 80’ies 

 ➜  Monte Carlo Event Generators 
Modern MC hadronization models: PYTHIA (string), HERWIG (cluster), SHERPA (cluster)

( )q̄ B̄

( )g BR̄

( )q R•Physics then in terms of 1+1-
dim string “worldsheet” 
evolving in spacetime 

•Probability of string break (by 
quantum tunneling) constant 
per unit space-time area

Not so many hadrons here

➜ “Famous” Prediction: "The String Effect” 
Fewer hadrons produced inbetween the two 

quark jets. (Non-perturbative coherence.) 
MC implementation crucial to “sell” physics. 

Confirmed by JADE in 1980 (cf slide 4)



The Role of MC Generators
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qi qj

ga

(−igstaijγ
µ)

THEORY EXPERIMENT

Field content,  
Symmetries Real-World Measurements, 

Triggers, Acceptance, Resolution, 
Backgrounds, Calibration, 

Unfolding, … 

time

PHENOMENOLOGY

INTERPRETATION

Figure by 
T. Sjöstrand

Cross Sections, Resonance Decays, Bremsstrahlung, MPI, 
Hadronisation, Hadron Decays, “Ideal Observables”
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MC Event Generators



Simulating QCD Dynamics
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Factorization

d⇤

dX
=

⇥

a,b

⇥

f

�

X̂f

fa(xa, Q
2
i )fb(xb, Q

2
i )

d⇤̂ab�f(xa, xb, f, Q2
i , Q

2
f)

dX̂f

D(X̂f � X, Q2
i , Q

2
f)

20

PDFs FFsHard Process: Fixed-Order QFT

๏Recall formal separation of short-distance interactions from longer-
distance incoming and outgoing states
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Initial-state radiation  
+ Non-perturbative hadron 

(beam-remnant) structure 

+ Multi-parton interactions

Resonance decays 
 + Final-state radiation  

+ Hadronisation + Final-state 

interactions + Hadron decays 

Matching 
& 

Merging

     Especially useful when in/out states contain hadrons (but applicable also to ) ℓ/γ

Dynamical Modeling ↔ Monte Carlo Event Generators



Divide and Conquer
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๏Iterated/Nested Factorizations → Split the problem into many ~ simple pieces

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

Pevent = Phard ⌦ Pdec ⌦ PISR ⌦ PFSR ⌦ PMPI ⌦ PHad ⌦ . . .

Hard Process & Decays:  
Use process-specific (N)LO matrix elements 
→ Sets “hard” resolution scale for process: QMAX 

ISR & FSR (Initial & Final-State Radiation):  
Universal DGLAP equations → differential evolution, dP/dQ2, as 
function of resolution scale; run from QMAX to QConfinement ~ 1 GeV  

MPI (Multi-Parton Interactions) 
Additional (soft) parton-parton interactions: LO matrix elements 
→ Additional (soft) “Underlying-Event” activity (Not the topic for today) 

Hadronization 
Non-perturbative model of color-singlet parton systems → hadrons

Quantum mechanics → Probabilities → Make Random Choices (as in nature) 
➜ Method of Choice: Markov-Chain Monte Carlo ➜ “Event Generators”
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Perturbative Calculations for EE — MC Generators
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๏Multi-purpose MC generators (Herwig, Pythia, Sherpa, Whizard) can 
simulate all aspects of particle production and decay 

๏Well developed 
machinery from LHC with 
NLO matching as standard 

๏Just change initial state… 
•+ no initial-state colour  
•→ less modelling of colour 
neutralisation needed 

๏and pick what you need!  
•Not so fast …

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

(Slide adapted from A. Hoang’s talk at 2020 International Workshop on the High Energy CEPC, Shanghai)

CEPC 2020 Workshop, Shanghai, October 26-28, 2020 

MC Generators 

• Fast machinery from LHC, just change initial state  
• Less modeling for color neutralization processes needed 
• NLO-matched MC generators standard.   
 

Just pick what 
you need! 

Not so fast.. 

CEPC 2020 Workshop, Shanghai, October 26-28, 2020 

MC Generators 

• Fast machinery from LHC, just change initial state  
• Less modeling for color neutralization processes needed 
• NLO-matched MC generators standard.   
 

Just pick what 
you need! 

Not so fast.. 

See also arXiv:0908.4272, arxiv:2002.06122, arXiv:2104.11141



How precise are they?
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๏For hadronic Z decays, for an observable involving a scale Q: 
๏ (e.g., Q could be a jet- or event-shape resolution scale) 

•Parton showers sum all-orders “LL” corrections   
๏ + For some simple inclusive observables, also “NLL”   
๏ (Note: showers do include further all-orders aspects, such as exact energy and momentum 

conservation, not accounted for in this log counting.)  

๏Matching to NLO matrix elements: only corrects the first hard 
radiation, not the all-orders parton-shower dynamics.  

•Missing higher-order terms can in part be compensated for by MC-
specific  schemes and tuned hadronisation parameters.  

•But the presence of this ambiguity makes it difficult to use present-
day MCs as “precision" tools. 

∝ αn
s lnn+1(Q2/m2

Z)
∝ αn

s lnn(Q2/m2
Z)

αs
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MC Generators ➤ Next Generation
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CEPC 2020 Workshop, Shanghai, October 26-28, 2020 

MC Generators 

• NLL precise parton showers with full coherence and improved models are an 
important step that needs to be taken (many different aspects, work already ongoing). 

    e.g. second order kernel 
           double emssion 
           amplitude evolution (full coherence, 
                 non-global logs, color reconnection) 
  
 
 
   New generation of MCs needed! (Markow chain MCs will be gone eventually)     
    ⇾ Definitely possible, community should support it more enthusiastically. 

Li, Skands ‘16 

Gieseke, Kirchgaesser, Plätzer,‘ Siodmok ‘19 

Höche Prestel�14, ‘15 

Forshaw, Holguin, Plätzer   ‘19 

Martinez, Forshaw, De Angelis,  Plätzer, 
Seymour  ‘18 

Slide from A. Hoang (CEPC Workshop, Oct 2020)

First shower models (Leading Log, Leading Colour) ~ 1980.  
40 years later, now at the threshold of the next major breakthrough!



Opportunities & Requirements
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๏Expect new generation of highly accurate MC models by 2030. 
•Standalone fixed-order calculations probably rather limited use, e.g. for 
accuracy beyond NNLO.  
•For all other cases, expect gold standard ➜ (N)NNLO calculations matched 
and merged with next-generation showers  post-LHC hadronisation models. 

๏Disentangling perturbative from non-perturbative corrections. Studies of 
ILC/FCC-ee/CEPC/… capabilities needed! 

•Hadronisation corrections scale differently with :  vs  
•High-precision measurements of same set of IRC-safe + sensitive observables 
for several different  ? (Studies from LEP 1 vs 2 suffered from low stats off Z pole.) 

•Good statistics all the way from  = 250 GeV to 10 GeV via ISR from Z pole 
(cf ~ 10 events / GeV at LEP); note coverage required for boosted events. 

•  full perturbative range + can cross check with B factories @ 10 GeV

⊗

s (Λ/Q)n lnn(Q2/s)

s

s

→
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Important to develop a battery of tests and validations
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๏Need benchmark observables sensitive to subtle differences beyond LL 
๏ Multi-parton coherence (cf eg arXiv:1402.3186) 
๏ Multi-parton correlations (e.g., triple-energy correlations cf eg arXiv:1912.11050) 
๏ Subleading NC ? 
๏ …  

๏Huge statistics ➜ can focus on small but “clean” corners of phase space 
๏ E.g., “direct”  splittings that are not “strongly ordered” ? 

๏Requirements (?) 
๏ Excellent jet substructure resolution 
๏ Excellent jet flavour tagging (+ Z ) 
๏ Forward coverage, to access low  ~ 10-20 GeV via ISR from Z pole?

n → n + 2

→ 4b,4c,2b2c
s

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

+ “Planar EEEC”?“Equilateral EEEC”:

θ12 = θ23 = θ13/2

θ12 = θ23 = θ13
2 3

1

21 3

E.g.:

https://arxiv.org/abs/1402.3186
https://arxiv.org/abs/1912.11050


Ongoing Conundrum — Telling Jets Apart
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■  MC parton showers differ on gluon (less so quark) radiation patterns:

Precise jet substruct. & flavour tagging (FCC-ee)Precise jet substruct. & flavour tagging (FCC-ee)

(normalized En✕qn products)

(larger

 angular

 weigth)

[G.Soyez et al.] 

■  State-of-the-art jet 

    substructure studies 

    based on angularities 

■  ”Sudakov”-safe variables of jet constituents:

    multiplicity, LHA, width/broadening, 

    mass/thrust, C-parameter,...

■  k=1: IRC-safe computable (NnLO+NnLL) via SCET

    (but uncertainties from non-pQCD effects)

e+e-Zuu e+e-Hgg u-quark vs gluon
discrimination 

power

(larger energy weigth)

Gluon rad.& frag.
poorly known

Slide from D. d’Enterria EPPS update 2019



Higgs Decays to Gluons
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High-precision gluon & quark jet studies (FCC-ee)High-precision gluon & quark jet studies (FCC-ee)

■  Exploit FCC-ee H(gg) as a ”pure gluon” factory:

    H→gg (BR~8% accurately known) provides 

    O(100.000) extra-clean digluon events.

■  Multiple handles to study gluon radiation & g-jet properties:

   ➧Gluon vs. quark via H→gg vs. Z→qq

      (Profit from excellent g,b separation)

    ➧ Gluon vs. quark via Z→bbg vs. Z→qq(g)

       (g in one hemisphere recoiling 

        against 2-b-jets in the other).

    ➧ Vary E
jet

 range via ISR: e+e-→Z*,g*→jj(g)

    ➧ Vary jet radius: small-R down to calo resolution

■  Multiple high-precision analyses at hand:
    – BSM: Improve q/g/Q discrimination tools

    – pQCD: Check NnLO antenna functions. High-precision QCD coupling.

    – non-pQCD: Gluon fragmentation: Octet neutralization? (zero-charge gluon 

       jet with rap gaps). Colour reconnection? Glueballs ? Leading h's,baryons?

LH angularities

[G.Soyez et al.] 

Slide from D. d’Enterria EPPS update 2019



Hadronisation - Conservation Laws
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q q̄qq q̄q̄

How local?

How local?

q q̄ q q̄

How local?

ss̄q q̄

Relative momentum kicks of order  
~ 100 MeV must be well resolved

ΛQCD

Must be able to tell which hadrons are which 
(strangeness, baryon number, spin) ➤ PID 

Baryon number

Strangeness

Transverse Momentum

QCD conserves baryon number, strangeness, and momentum

E.g., how far from a baryon (or a strange 
particle) do you have to go before you find 

an anti-baryon (anti-strange)?

➜ Particle Correlations



1. Baryon Number
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๏Example: Baryon-
Antibaryon 
correlations  

•Diquark model: 
strong correlations 
over short rapidity 
distances 
•Popcorn/MOPS: 
more complex and 
spread-out in rapidity

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

1 Introduction

The compensation of quantum numbers plays a key role in our understanding of the frag-
mentation process whereby partons transform into observable hadrons. Consequently, baryon
production in hadronic e+e− annihilation final states provides data very well suited to test
phenomenological fragmentation models. In particular, the study of di-lambda pairs allows a
subtle testing of model predictions because of the relatively large rates and the necessity to
compensate two quantum numbers: baryon number and strangeness.

Fragmentation models such as Jetset [1] and Herwig [2] are based on a chainlike production
of hadrons with local compensation of quantum numbers. In Jetset, particle production is
implemented via string fragmentation. Baryons (B) are formed when a diquark pair is contained
in the string (see diagram a below), thus resulting in a strong baryon-antibaryon correlation.
This correlation can be softened by the “popcorn effect” when an additional meson (M) is
produced between the baryon pair as shown in the diagrams b and c below. In contrast,
Herwig describes fragmentation via the formation of clusters and their subsequent decay.
Baryons are produced by the isotropic cluster decay into a baryon pair, which can result in
stronger correlations than those predicted by Jetset.
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(c) Popcorn (B(n*M)B
−

)
MOPS

Di-lambda production in multihadronic Z0 decays has been studied over the past years by
experiments at Petra, Pep and Lep [3–7]. These experiments report short-range correlations
as observed in the distributions of the rapidities y or rapidity differences |∆y| of correlated

ΛΛ̄ pairs. The rapidity of a particle is defined as y = 1
2 ln

(

E+p‖
E−p‖

)

, where E is the energy

of the particle and p‖ the longitudinal momentum with respect to the thrust axis. Rapidity
differences are Lorentz-invariant under boosts along the event axis. These correlations are
compared to predictions of Jetset and Herwig. Satisfactory agreement is found with the

4

•Both OPAL measurements were statistics-limited (OPAL 1993, 1998) 

•Would reach OPAL systematics at 100  LEP (→ 1000 with better detector?)×

•Illustration from OPAL, 
EPJC13(2000)185 (hep-ex/9808031)



2. Strangeness
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๏Jet Universality = jets at LHC modelled the 
same as jets at LEP 

•→ Same strangeness fractions as at LEP 
•→ Flat lines ! (cf PYTHIA) 

๏Clear breakdowns of universality of parton 
hadronization observed at LHC ! 

๏Baseline vacuum e+e- studies for high-
density QCD in small & large systems.  

•Is the effect thermal? Or stringy? (or both?) 

•Crucial tests in : 2-string systems in
 , in , and in 

“hairpin” gluon jets (  for xG ~ 1) 

•Requires good PID + high statistics

e+e−

WW → qq̄′ q′ ′ ̄q′ ′ ′ Z → qq′ ̄qq̄′ 

Z → bb̄g

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

D.D.	Chinellato	– 38th	 International	Conference	on	High	Energy	Physics

Relative Strangeness 
Production
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PYTHIA8
DIPSY
EPOS LHC

• Quantified via strange to non-strange 
integrated particle ratios vs d"#$/d&

• Significant enhancement of strange 
and multi-strange particle production 

• MC predictions do not describe this 
observation satisfactorily

5

ALICE, arXiv:1606.07424
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[1] Comput. Phys. Commun. 178 (2008) 852–867
[2] JHEP 08 (2011) 103
[3] Phys. Rev. C 92, 034906 (2015)

[1]
[2]

[3]

D.D.	Chinellato	– 38th	 International	Conference	on	High	Energy	Physics

§ Small systems:
- Strangeness enhancement
- Relative decrease of K∗D
- No multiplicity dependence of 

baryon/meson ratio

§ Towards central Pb-Pb:
- Strangeness abundance 

constant
- K∗D abundance decreases 

further
- Baryon/meson decreases

Particle Ratios Across Colliding Systems

11
(LEP: total Ω rate only known to ± 20%)



3. Transverse Momentum
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๏Schwinger (1951) 
•Non-perturbative  pair creation in strong external electric fielde+e−

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

P.  S k a n d s

String Breaks

๏In QCD, strings can (and do) break! 
•(In superconductors, would require magnetic monopoles) 
•In QCD, the roles of electric and magnetic are reversed 
•Quarks (and antiquarks) are “chromoelectric monopoles” 
•There are at least two possible analogies ~ tunneling:

18

Schwinger Effect

+

÷
Non-perturbative creation 
of e+e- pairs in a strong 
external Electric field

~E

e-

e+

P / exp

✓
�m2 � p2?
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◆

Probability from 
Tunneling Factor

( is the string tension equivalent)

C
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N
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N
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Hawking Radiation

M

~g

Non-perturbative creation 
of radiation quanta in a 
strong gravitational field

HORIZONHORIZON

Thermal (Boltzmann) Factor

P / exp

✓
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kBTH

◆

Linear Energy Exponent

A
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N

AT
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E?

(Not observed experimentally yet, 
but may happen soon)

J. S. Schwinger, “On gauge invariance and vacuum polarization,” Phys. Rev. 82 (1951) 664–679. 

G. V. DUNNE, “NEW STRONG-FIELD QED EFFECTS AT ELI: NONPERTURBATIVE VACUUM PAIR PRODUCTION,” EUR. PHYS. J. D55 (2009) 327–340, 0812.3163. 

Several groups have found same 
form for QCD at successive levels of 

modeling/approximation

Generic prediction: 
Neglecting perturbative effects, 

hadrons produced from a QCD string 
stretched between a quark and 

antiquark should have a universal 
(flavour-independent) pT spectrum, with

So this is an interesting scale!
(modified by perturbative effects + hadron decays)

⌦
p2?

↵
meson

⇠ 2
⌦
p2?

↵
quark

⇠ 2

⇡
⇠ (0.35 GeV)2

<latexit sha1_base64="HqaEV6u+WmjbKkU8tA6AW46qFGc="></latexit><latexit sha1_base64="HqaEV6u+WmjbKkU8tA6AW46qFGc="></latexit><latexit sha1_base64="HqaEV6u+WmjbKkU8tA6AW46qFGc="></latexit><latexit sha1_base64="HqaEV6u+WmjbKkU8tA6AW46qFGc="></latexit>



The kick from a breaking string
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๏Hadron pT spectra, transverse to dominant event axis
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Jet axis, linearised sphericity 
axis, thrust axis, … 

Clean up by vetoing 3-jet 
events, or using jet axes
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Perturbatively 
dominated 

power-law tail 

Challenges:  
Off-axis pT in 3-jet events,  
kicks from hadron decays 

Low-momentum acceptance



Schwinger vs Hawking
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๏Schwinger vs Hawking? 
•Hawking radiation: another example of spontaneous pair creation 
in a strong external field. This one has a horizon ⟷ confinement?

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

P.  S k a n d s

String Breaks

๏In QCD, strings can (and do) break! 
•(In superconductors, would require magnetic monopoles) 
•In QCD, the roles of electric and magnetic are reversed 
•Quarks (and antiquarks) are “chromoelectric monopoles” 
•There are at least two possible analogies ~ tunneling:
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Some empirical success fitting thermal spectra (Tsallis fits) to particle spectra (+ some theoretical motivations) 

Mainly we just see <pT>; tail to high pT dominated by perturbative power law; need to measure soft pions



Example of recent reexamination of String Basics
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๏Cornell potential 
•Potential V(r) between static (lattice) and/or steady-state (hadron 
spectroscopy) colour-anticolour charges: 

•Lund string model built on the asymptotic large-r linear behaviour  

๏But intrinsically only a statement about the late-time / long-distance / 
steady-state situation. Deviations at early times?  

•Coulomb effects in the grey area between shower and hadronization? 
Low-r slope > κ favours “early” production of quark-antiquark pairs? 
•+ Pre-steady-state thermal effects from a (rapidly) expanding string?

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

Coulomb part

V (r) = � a

r
+ r
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String part 
Dominates for r & 0.2 fm
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๏Berges, Floerchinger, and Venugopalan JHEP 04(2018)145) 



Example of further questions: String with time-dependent “Cooldown”
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๏Toy model constrained to have same average string tension  
•➤ same average Nch etc ➤ main LEP constraints basically unchanged. 

๏ But expect different fluctuations / correlations, e.g. with multiplicity Nch.
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N. Hunt-Smith & PS arxiv:2005.06219

Figure 7: Mean p? versus charged multiplicity for ⇡+, p, K+, ⇤, � and ⌅.
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Figure 9: Particle yields as a ratio to pions for K+, �, p, ⇤, ⌃ and ⌅ after cuts.

rections can be significant in determining what is “in” and what is “out”. If so, a single
large p? value generated by a non-perturbative breakup would show up in hp?ini but not
in hp?outi.

As our final examples of salient distributions that could be measured in archival ee
data, we show the hadron/⇡ distributions for different hadron species as functions of NCh

in fig. 9. To suppress effects of the original Z ! qq̄ endpoint quarks, we include only
particles with rapidities |y| < 3 with respect to the Thrust axis, for events with low values
of 1�T  0.1 , i.e., reasonably pencil-like events for which the Thrust axis should provide
a fairly good global axis choice. The number of particles remaining after both of these
cuts is reduced by around 36%. The relationships between particle yield ratio and charged
multiplicity for these hadrons are shown in fig. 9.

At low multiplicities, we see higher strangeness fractions, reflecting the earlier h⌧i
values. This trend is particularly pronounced for strange baryons such as ⌃ and ⌅ shown
in the bottom two panes. This plot indicates that effects such as those represented in
our model can have a significant effect on the correlation between strangeness and particle
multiplicity. Generically, if earlier times are associated with higher scales, our prediction is
for higher average p? and strangeness fractions at lower multiplicities, the opposite of the
trend observed for pp collisions. However, as already mentioned the overall main driving
factor for the behaviour in ee is the fixed total invariant mass, which does not carry over

15

➤ Want to study 
(suppressed) tails 
with very low and 
very high Nch. 

➤ These plots are 
for LEP-like 
statistics. 

➤ Would be crystal 
clear at Giga-Z/
Tera-Z

https://arxiv.org/abs/2005.06219


Colour Reconnections 
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๏At LEP 2: hot topic (by QCD standards): “string drag" effect on W mass  
•No-CR excluded at 99.5% CL [Phys.Rept. 532 (2013) 119]  
•But no detailed (differential) information  

๏Future Lepton Collider: up to 10,000 times more WW 
•Turn the W mass problem around?  
•Use threshold scan + huge sample of semi-leptonic WW to measure mW  
•➤ input as constraint to make sensitive measurements of CR in hadronic WW

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

Leading 
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(see also FCC-ee QCD 
workshops & writeups)



Colour Reconnections 
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๏Has become even hotter topic at LHC 
•Related to observed breakdowns of jet universality 
•Precision top quark mass reconstructions. 
•Follow-up studies now underway at LHC.  
•Fundamental to understanding & modeling hadronisation 

๏High-statistics ee ➤ other side of story 
•Also relevant in (hadronic) ee→tt, and Z→4 jets

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

Some overviews of recent models: 
 arXiv:1507.02091 , arXiv:1603.05298

(see also FCC-ee QCD 
workshops & writeups)

Little done for CEPC/FCC-ee (ILC?) so far … (to my knowledge) 
A lot of new models, scope to propose new observables, …

http://arxiv.org/abs/arXiv:1507.02091
http://arxiv.org/abs/arXiv:1603.05298


+ Many related questions I have not touched on, including …
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๏Bose-Einstein & Fermi-Dirac Correlations  
•Identical baryons (pp, ΛΛ) highly non-local in string picture  

•LEP Puzzle: correlations → Fermi-Dirac radius ~ 0.1 fm  rp (both 
pp and ΛΛ; multiple exps) 

๏Spin/helicity correlations in chain of produced hadrons 
(“screwiness”?) 

๏Multiply-heavy hadrons,  

๏Exotics, Nuclei,  

๏…

≪

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

(see also FCC-ee QCD workshops & writeups)



Summary — Precision QCD at Future  Machinese+e−
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Perturbative QCD: High Precision  
Measurements of  with ~ per-mille  accuracy 

… with work ongoing …  

Stringent tests of new generation of precision MC models (higher-order 
shower kernels, NnLO matching & merging, …) 

… major breakthroughs likely in medium term, also supporting LHC accuracy …  

➥ Needs: fine jet substructure resolution & flavour tagging 

Interplays with EW & Higgs Physics Goals 
Impact of accurate (vs inaccurate) MC predictions 

To prepare ⬄ Identify & communicate crucial areas. 

+ develop program of non-perturbative constraints targeting EW/H 
observables

αs δαs/αs

Monash UQCD Phys ics  a t  Future  Lepton Col l iders



Summary — Precision QCD at Future  Machinese+e−
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Nonperturbative QCD: High Resolution 
Confinement will presumably still be among major unsolved problems 

Studies of Hadronisation = Trial by fire not just for any post-LHC 
sophisticated MC models, but also for any future systematically improvable 
approximation (or solution) to full QCD. 

+ Precision pQCD (above)  accurate starting point. 

Reveal details of final states ⬄ disentangle strangeness, baryons, mass, spin 
➥ Needs: Good PID 

Measure  MeV effects ➥ Good Momentum Resolution 

Theory keeps evolving long after beams are switched off ➤ Aim high! 

⟹

𝒪(ΛQCD) ∼ 100

Monash UQCD Phys ics  a t  Future  Lepton Col l iders



Extra Slides



Jet (Sub)Structure

P.  Skands 62

๏LEP: mainly 45-GeV quark jet fragmentation 
•Inclusive: gluon FF only appears at NLO 

•3-jet events. Game of low sensitivity (3rd jet) vs low statistics (Z→bbg) 
๏ (Initially only “symmetric” events; compare q vs g jets directly in data) 

•Naive CA/CF ratios between quarks and gluons verified 
๏ Many subtleties. Coherent radiation → no ‘independent fragmentation’, especially at 

large angles. Parton-level “gluon” only meaningful at LO. 

๏➠ Quark/gluon separation/tagging  
•Note: highly relevant interplay with Q/G sep @ LHC & FCC-hh: S/B 
•Language evolved: Just like “a jet” is inherently ambiguous,“quark-like” or 
“gluon-like” jets are ambiguous concepts 

๏ Define taggers (adjective: “q/g-LIKE”) using only final-state observables  
๏ Optimise tagger(s) using clean (theory) references, like X->qq vs X->gg 

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

See Les Houches arXiv:1605.04692



What is going on?
OPAL data:
g in one hemisphere recoils wrt 2 b-jets
(Eg = 40GeV,  ⇠ 37GeV)

compare to
q from ”2-jet” event
(Eq =  = 45.6GeV)

• small y
hadrons produced first in time;
r = R . 2; very close to expectation
deviation due to
• di↵erence in scale (?),
• coherent emission (?)

• y > 3; R < 1 more hadrons from q
than g; diminishes overall ratio.
• due to valence quarks/finite energy!

Klaus Hamacher, Gluon and Quark Fragmentation from LEP to FCC-ee: Coherent Soft ParticlesFCC-ee Workshop . . . ,CERN , 21.& 22.11.2016 6

Quarks and Gluons
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๏Handles to split degeneracies  
•H→gg vs Z→qq  

๏ Can we get a sample of H→gg pure enough for QCD studies?  
๏ Requires good H→gg vs H→bb;  
๏ Driven by Higgs studies requirements? 

•Z→bbg vs Z→qq(g) 
๏ g in one hemisphere recoils against b-jets in 

other hemisphere: b tagging  

•Study differential shape(s): Nch (+low-R calo) 
๏ (R ~ 0.1 also useful for jet substructure) 

๏Scaling: radiative events → Forward Boosted 
•Scaling is slow, logarithmic → prefer large lever arm    

๏ ECM > EBelle ~ 10 GeV [~ 10 events / GeV at LEP];  
๏ Useful benchmarks could be ECM ~ 10 (cross checks with Belle), 20, 30 (geom. mean 

between Belle and mZ), 45 GeV (=mZ/2) and 80 GeV = mW

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

G. SOYEZ, K. HAMACHER, G. RAUCO, S. TOKAR, Y. SAKAKI

(Also useful for FFs & 
general scaling studies)

Eg = 40 GeV

Eq = 45 GeV

(see FCC-ee QCD 
workshops & writeups)
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Unordered Clusterings of 4-Jet Events (ee kT, E scheme)
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Rate normalised to 
total 4-jet rate 

Off-the-shelf versions 
of Pythia and Vincia  

Very similar results on 
individual jet rates. 

Neither includes direct 
. 2 → 4

4 → 3 → 2

Small ycut = 0.002 
 to 

maximise statistics 

Excluded  to 
avoid contamination 

from B decays 

4M events (~ LEP 1)

( ↔ k⊥ ∼ 4 GeV)

Z → bb̄

y34

y34 + y23

(did not 
check the 

“interference" 
version of this 

observable 
here)

Q: could also be done for jet (sub)structure at the LHC?



5-Jet Events
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 : Resonance Decayse+e− → WW
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๏Current MC Treatment ~ Double-Pole Approximation 
•~ First term in double-pole expansion (cf. Schwinn’s talk in yesterday’s EW session) 
•+ Some corrections, e.g., in PYTHIA: 

๏ Independent Breit-Wigners for each of the W bosons, with running widths. 
๏ 4-fermion ME used to generate correlated kinematics for the W decays. 
๏ Each W decay treated at NLO + shower accuracy. 

•No interference / coherence between ISR, and each of the W decay showers 

•

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

PRODUCTION DECAY(S)
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 fl
owI: initial 

F: final 
R: resonance

⊗
RF colour flow

⊗

Illustration (top pair production at LHC):



Interleaved Resonance Decays
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๏Decays of unstable resonances introduced in shower evolution at an average scale Q ~ Γ 
•Cannot act as emitters or recoilers below that scale; only their decay products can do that. 
•The more off-shell a resonance is, the higher the scale at which it disappears.  

๏ Roughly corresponds to strong ordering (as measured by propagator virtualities) in rest of shower.  
๏ Allows (suppressed) effects reaching scales > Γ 

•

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

IF antenna

IF antenna

II 
an

te
nn

a

⊗
RF antenna

RF antenna

⊗

Q > 𝒪(Γ)
Q > 𝒪(Γ)IF antenna

Q < 𝒪(Γ)

๏Automatically provides a natural treatment of finite-Γ effects.
๏Expect in next Pythia release (8.304)
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๏Elements 
•Iterated dipole-style  and new “direct ” branchings populate complementary 
phase-space regions. 

๏ Ordered clustering sequences ➡ iterated  (+ virtual corrections ~ differential K-factors) 
๏ Unordered clustering sequences ➡ direct  (+ in principle higher , ignored for now) 

•

2 → 3 2 → 4

2 → 3
2 → 4 2 → n

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

Li & PS, PLB 771 (2017) 59 (arXiv:1611.00013) + ongoing work
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Figure 1: Illustration of scales and Sudakov factors in strongly

ordered (ACD), smoothly (un)ordered (ACB), and direct 2 →

4 (AB) branching processes, as a function of the number of

emitted partons, n.

parts of phase space, they may be developed as sep-

arate algorithms, provided they use the same set of

antenna functions. (Full second-order precision is

of course only achieved when both components are

included.) Given that a proof-of-concept study of

NLO corrections to ∆2→3 already exists [13], we

focus in the following sections on the previously

missing piece: explicit construction of the 2 → 4

component.

We round off the discussion of the Sudakov form

factors by illustrating the scale evolutions for 2 →

3 and 2 → 4 showers in fig. 1. An ordered se-

quence of 2→ 3 branchings is represented by path

A → C → D and the corresponding combined Su-

dakov factor is ∆2→3(Q2
A,Q

2
C)∆3→4(Q2

C ,Q
2
D) . The

2 → 4 shower explores more phase space by in-

cluding path A → B which lives in unordered

phase space compared with the ordinary strongly-

ordered shower. Path A→ C → B shows the possi-

ble branching in “smoothly-ordered showers” [22]

which can also access unordered phase space.

However, for smooth ordering the combined Su-

dakov factor ∆2→3(Q2
A,Q

2
C)∆3→4(Q′ 2

C ,Q
2
B) is used

where Q′C > QB represents the restart scale of

the smooth-ordering shower. As pointed out in

[13], the ∆2→3(Q2
A,Q

2
C) factor implies an LL sen-

sitivity to the intermediate scale QC ; an undesired

byproduct of the use of iterated on-shell 2 → 3

phase-space factorisations. The direct 2 → 4

shower avoids this by using the exact Sudakov fac-

tor ∆2→4(Q2
A,Q

2
B) in which QC only appears im-

plicitly as an auxiliary integration variable.

Finally, let us consider what happens in the

vicinity of the boundary between what we label

as ordered and unordered emissions, i.e., when

there is no “strong” ordering between two suc-

cessive (colour-connected) emissions. This is par-

ticularly relevant for the double-unresolved limits

characterised by a single unresolved scale. The

boundary can be approached either from the un-

ordered region, or from the ordered one, and in

general both regions will contribute to the double-

unresolved limits. In the unordered region, the

2 → 4 antenna functions are used directly, cap-

turing both the single- and double-unresolved (soft

and collinear) limits of QCD [19]. They are also in

our formalism intrinsically characterised by a sin-

gle scale, as discussed above. In the ordered re-

gion, the product of 2 → 3 antennae is modulated

by the correction factors R2→4, to reproduce the full

2 → 4 functions, and the two separate scales co-

incide as we approach the boundary, interpolating

smoothly between the single-unresolved (iterated,

strongly ordered) and double-unresolved (single-

scale) limits.

3. Explicit Construction of the 2→4 Shower

For a branching 1 2 → 3 4 5 6 we define the

resolution scale as Q4 = 2 min(p345
⊥ , p

456
⊥ ), with

(p
i jk
⊥ )2 = si j s jk/si jk. We let the direct 2 → 4

shower populate all configurations for which the

clustering corresponding to Q4 is unordered. (Con-

versely, iterated 2 → 3 splittings populate those

configurations for which the clustering correspond-

ing to Q4 is ordered, with the correction factor

R2→4 reducing to R2→4 → a4/(a3a′3) when there is

only a single ordered path, and, for gluon neigh-

bours, the neighbour with the smaller resolution

scale used to define a4.)

We partition the direct 2 → 4 phase space into

two sectors: sector A with condition p345
⊥ < p456

⊥

and sector B with p345
⊥ > p456

⊥ . For each sector,

branching scales for 2→ 4 emissions are generated

5

On-shell representation of 
intermediate parton state at C 
has some physical meaning. 

Ordered ➤ Subsequent 
branching(s) happen at lower 

scale(s); QC ~ unchanged       

(  Sudakov  ~ OK)⟹ Δ

Ordered 2→3 sequences
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Figure 1: Illustration of scales and Sudakov factors in strongly

ordered (ACD), smoothly (un)ordered (ACB), and direct 2 →

4 (AB) branching processes, as a function of the number of

emitted partons, n.

parts of phase space, they may be developed as sep-

arate algorithms, provided they use the same set of

antenna functions. (Full second-order precision is

of course only achieved when both components are

included.) Given that a proof-of-concept study of

NLO corrections to ∆2→3 already exists [13], we

focus in the following sections on the previously

missing piece: explicit construction of the 2 → 4

component.

We round off the discussion of the Sudakov form

factors by illustrating the scale evolutions for 2 →

3 and 2 → 4 showers in fig. 1. An ordered se-

quence of 2→ 3 branchings is represented by path

A → C → D and the corresponding combined Su-

dakov factor is ∆2→3(Q2
A,Q

2
C)∆3→4(Q2
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2
D) . The

2 → 4 shower explores more phase space by in-

cluding path A → B which lives in unordered

phase space compared with the ordinary strongly-

ordered shower. Path A→ C → B shows the possi-

ble branching in “smoothly-ordered showers” [22]

which can also access unordered phase space.

However, for smooth ordering the combined Su-

dakov factor ∆2→3(Q2
A,Q

2
C)∆3→4(Q′ 2

C ,Q
2
B) is used

where Q′C > QB represents the restart scale of

the smooth-ordering shower. As pointed out in

[13], the ∆2→3(Q2
A,Q

2
C) factor implies an LL sen-

sitivity to the intermediate scale QC ; an undesired

byproduct of the use of iterated on-shell 2 → 3

phase-space factorisations. The direct 2 → 4

shower avoids this by using the exact Sudakov fac-

tor ∆2→4(Q2
A,Q

2
B) in which QC only appears im-

plicitly as an auxiliary integration variable.

Finally, let us consider what happens in the

vicinity of the boundary between what we label

as ordered and unordered emissions, i.e., when

there is no “strong” ordering between two suc-

cessive (colour-connected) emissions. This is par-

ticularly relevant for the double-unresolved limits

characterised by a single unresolved scale. The

boundary can be approached either from the un-

ordered region, or from the ordered one, and in

general both regions will contribute to the double-

unresolved limits. In the unordered region, the

2 → 4 antenna functions are used directly, cap-

turing both the single- and double-unresolved (soft

and collinear) limits of QCD [19]. They are also in

our formalism intrinsically characterised by a sin-

gle scale, as discussed above. In the ordered re-

gion, the product of 2 → 3 antennae is modulated

by the correction factors R2→4, to reproduce the full

2 → 4 functions, and the two separate scales co-

incide as we approach the boundary, interpolating

smoothly between the single-unresolved (iterated,

strongly ordered) and double-unresolved (single-

scale) limits.

3. Explicit Construction of the 2→4 Shower

For a branching 1 2 → 3 4 5 6 we define the

resolution scale as Q4 = 2 min(p345
⊥ , p

456
⊥ ), with

(p
i jk
⊥ )2 = si j s jk/si jk. We let the direct 2 → 4

shower populate all configurations for which the

clustering corresponding to Q4 is unordered. (Con-

versely, iterated 2 → 3 splittings populate those

configurations for which the clustering correspond-

ing to Q4 is ordered, with the correction factor

R2→4 reducing to R2→4 → a4/(a3a′3) when there is

only a single ordered path, and, for gluon neigh-

bours, the neighbour with the smaller resolution

scale used to define a4.)

We partition the direct 2 → 4 phase space into

two sectors: sector A with condition p345
⊥ < p456

⊥

and sector B with p345
⊥ > p456

⊥ . For each sector,

branching scales for 2→ 4 emissions are generated

5

Unordered

A

C

B

QA and QB are the only 
relevant physical scales 
➤ cast as ordered 2→4

(Contributing diagrams 
are far off shell)

On-shell representation of intermediate 
state at C has no physical meaning.

Unordered 2→3  sequences

QC is not a relevant physical scale → 
calculation should not depend on it

VINCIA

… but in unordered region let QB define evolution scale for double-branching (integrate over Qc)

Our approach: continue to exploit iterated on-shell  factorisations … 2 → 3
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๏Putting 2→3 and 2→4 together ⇨ evolution equation for 
dipole-antenna with  kernels:𝒪(α2

s )

Monash UQCD Phys ics  a t  Future  Lepton Col l iders

hadronic collisions [24, 20]. The aim of this letter

is to demonstrate the basic formalism for second-

order shower kernels (at leading colour) and pro-

vide a concrete proof-of-concept implementation

of 2 → 4 showers with two-gluon emission. We

leave implementations of g → qq̄ splittings, one-

loop corrections to 2 → 3 showers, and a discus-

sion of initial-state antennae to forthcoming work.

This letter is organised as follows. In Section 2

we discuss the Sudakov factor and partition it into

a product of 2 → 3 and 2 → 4 ones. Sec-

tion 3 presents the method for implementing 2→ 4

branchings using the veto algorithm. In Section 4

we describe the 2→ 4 antenna functions and com-

pare them with corresponding matrix elements. In

Section 5 we discuss numerical results and collect

our conclusions in Section 6 .

2. Shower Framework

Within the existing antenna-shower formalism

for a shower evolved in a generic measure of

jet resolution Q, the LO subtraction term (an-

tenna function) corresponding to a specific colour-

connected pair of partons, call it a0
3

[19], is ex-

ponentiated to define an all-orders Sudakov fac-

tor, ∆(Q2
1,Q

2
2), which represents the no-branching

probability for that parton pair between scales Q1

and Q2. As such, the differential branching prob-

ability per phase-space element is given by the

derivative of the Sudakov factor,

d

dQ2

(
1 − ∆(Q2

0,Q
2)
)
=

−

∫
dΦ3

dΦ2
δ(Q2 − Q2(Φ3)) a0

3 ∆(Q2
0,Q

2) , (1)

where the δ function projects out a contour of con-

stant Q2 in the 2 → 3 antenna phase space and

we leave colour and coupling factors implicit in a0
3
.

Typically, the phase space is then rewritten explic-

itly in terms of Q and two complementary phase-

space variables, which we denote ζ and φ:

d ln∆(Q2
0,Q

2)

dQ2
=

∫ ζ+(Q)

ζ−(Q)
dζ

∫ 2π

0

dφ

2π

|J| a0
3

16π2m2
, (2)

with m the invariant mass of the mother (2-parton)

antenna. The Jacobian factor |J| arises from the

transformation to the (Q, ζ) variables and the ζ±
phase-space boundaries are defined by the specific

choice of Q and ζ, see e.g. [13]. It is now straight-

forward to apply more derivatives, in ζ and φ, to

obtain the fully differential branching probability

in terms of the shower variables.

The essential point is that, for a0
3

to be the proper

subtraction term for NLO calculations, it must

contain all relevant poles corresponding to single-

unresolved limits of QCD matrix elements. Thus,

a shower based on a0
3

is guaranteed to produce the

same LL structure as DGLAP ones in the collinear

limit [25, 26], while simultaneously respecting the

dipole coherence embodied by the eikonal formula

in the soft limit; the latter without a need to average

over azimuthal angles (as required for the angular-

ordered approach to coherence, see e.g. [27]).

Generalising this formalism to use NNLO sub-

traction terms requires the introduction of the one-

loop correction to a0
3
, call it a1

3, as well as the tree-

level double-emission antenna function, a0
4
. Ex-

plicit forms for all second-order antennae in QCD

can be found in [19], including their pole struc-

ture and factorisation properties in all single- and

double-unresolved limits2. Note that a1
3 contains

explicit singularities which appear as poles in ε in

dimensional regularisation. These are cancelled by

the poles in a0
4 upon integration of one unresolved

parton (while logarithms beyond those generated at

LL will in general remain).

By analogy with eq. (1), we define the differen-

tial branching probability as

d

dQ2
∆(Q2

0,Q
2) =

∫
dΦ3

dΦ2
δ(Q2 − Q2(Φ3))

(
a0

3 + a1
3

)
∆(Q2

0,Q
2)

+

∫
dΦ4

dΦ2
δ(Q2 − Q2(Φ4)) a0

4 ∆(Q2
0,Q

2) , (3)

2Note that, for the 4-parton antenna functions, [19] only

provides explicit formulae summed over permutations of iden-

tical gluons. These must then subsequently be partitioned into

individual (sub-antenna) contributions from each permutation

separately.

2

where Q2(Φ4) denotes the hardest clustering scale

in Φ4, with the softer one being integrated over.

Specifically, for a double clustering of 4 → 3 → 2

partons, we define Q(Φ4) ≡ max(Q4,Q3); for an

ordinary strongly ordered history, it is thus equal to

the resolution scale of the clustered 3-parton con-

figuration, Q3, while for an unordered sequence, it

is the 4-parton resolution scale, Q4.

We now come to the central part of our proposal:

how to re-organise eq. (3) in terms of finite branch-

ing probabilities (as mentioned above, the a1
3 term

and the integral over a0
4

are separately divergent),

expressed in shower variables and allowing iterated

2 → 3 splittings and direct 2 → 4 ones to coexist

with the correct limiting behaviours (and no double

counting) for both single- and double-unresolved

emissions.

We first partition the a0
4 function into two terms,

one for each of the possible iterated 2 → 3 his-

tories, which we label a and b respectively. Sup-

pressing the zero superscripts to avoid clutter, we

define a 2 → 4 correction factor in close analogy

with the matrix-element-correction factors defined

in [22],

R2→4 =
a4

a3a′3 + b3b′3
, (4)

where a3 and b3 (a′3 and b′3) denote the antenna

functions for the first (second) 2 → 3 splittings

in the a and b histories, respectively. E.g., for

1q2q̄ → 3q4g5g6q̄, the a history is produced by

the product of a′3(3, 4, 5) and a3(3̂4, 4̂5, 6), with the

(on-shell) momenta of the intermediate 3-parton

state, 3̂4 and 4̂5, defined by the phase-space map

of the shower / clustering algorithm. The b his-

tory is produced by the product of b′3(4, 5, 6) and

b3(3, 4̂5, 5̂6). We emphasise that the denomina-

tor of eq. (4) is nothing but the incoherent sum of

the a and b antenna patterns (modulo the order-

ing variable), as would be obtained from the un-

corrected (LL) antenna shower, while the numer-

ator is the full (coherent) 2 → 4 radiation pattern.

Among other things, the factor R2→4 therefore con-

tains precisely the modulations that account for co-

herence between colour-neighbouring antennae.

We use the definition of R2→4, eq. (4), to parti-

tion a4 into two terms, a4 = R2→4 (a3a′3 + b3b′3),

each of which isolates a specific (colour-ordered)

single-unresolved limit, corresponding to either g4

or g5 becoming soft, respectively. For each term

we iterate the exact antenna phase-space factorisa-

tion [19],

dΦm+1(p1, . . . , pm+1) =

dΦm(p1, . . . , pI , pK , . . . , pm+1) × dΦant(i, j, k) ,

(5)

with all momenta on shell and pi+pj+pk = pI+pK,

to write

dΦ4(3, 4, 5, 6)

dΦ2(1, 2)
=




path a: dΦant(3̂4, 4̂5, 6) dΦant(3, 4, 5)

path b: dΦant(3, 4̂5, 5̂6) dΦant(4, 5, 6)
, (6)

where we have chosen the nesting of the antenna

phase spaces such that the soft parton in the given

history is always the one clustered first. We also

divide up each of the resulting 4-parton integrals

into ordered and unordered clustering sequences,

for which Q(Φ4) = Q3 and Q(Φ4) = Q4, respec-

tively (see above). The result is

d∆(Q2
0,Q

2)

dQ2
=

∫
dΦant

[
δ(Q2 − Q2(Φ3)) a0

3

×

(
1 +

a1
3

a0
3

+
∑

s∈a,b

∫

ord

dΦs
ant R2→4 s′3

)
∆(Q2

0,Q
2)

+
∑

s∈a,b

∫

unord
dΦs

antδ(Q
2−Q2(Φ4))R2→4s3s′3∆(Q2

0,Q
2)

]

(7)

where the sums in the last two lines run over the

clustering sectors (= histories), a and b.

We may now interpret the first two lines as an ef-

fective second-order probability density for 2 → 3

branchings, while the last line represents a contri-

bution from direct 2→ 4 branchings. The solution

of eq. (7) can be written as the product of 2 → 3

and 2→ 4 Sudakov form factors

∆(Q2
0,Q

2) = ∆2→3(Q2
0,Q

2)∆2→4(Q2
0,Q

2) . (8)

3

Iterated 2→3  
with (finite) one-loop correction

Direct  2→4  
(as sum over “a” and “b” subpaths)

(2→)3→4 MEC

(2→)3→4 antenna function

2→4 as explicit product x MEC 

Only generates double-unresolved singularities, not single-unresolved

Note: the equation is formally identical to:

But on this form, the pole 
cancellation happens 

between the two integrals

-

~ POWHEG inside exponent 
(Hoeche, Krauss, Prestel ~ MC@NLO inside exponent)

Li & PS, PLB 771 (2017) 59 (arXiv:1611.00013) + ongoing work

poles
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hadronic collisions [24, 20]. The aim of this letter

is to demonstrate the basic formalism for second-

order shower kernels (at leading colour) and pro-

vide a concrete proof-of-concept implementation

of 2 → 4 showers with two-gluon emission. We

leave implementations of g → qq̄ splittings, one-

loop corrections to 2 → 3 showers, and a discus-

sion of initial-state antennae to forthcoming work.

This letter is organised as follows. In Section 2

we discuss the Sudakov factor and partition it into

a product of 2 → 3 and 2 → 4 ones. Sec-

tion 3 presents the method for implementing 2→ 4

branchings using the veto algorithm. In Section 4

we describe the 2→ 4 antenna functions and com-

pare them with corresponding matrix elements. In

Section 5 we discuss numerical results and collect

our conclusions in Section 6 .

2. Shower Framework

Within the existing antenna-shower formalism

for a shower evolved in a generic measure of

jet resolution Q, the LO subtraction term (an-

tenna function) corresponding to a specific colour-

connected pair of partons, call it a0
3

[19], is ex-

ponentiated to define an all-orders Sudakov fac-

tor, ∆(Q2
1,Q

2
2), which represents the no-branching

probability for that parton pair between scales Q1

and Q2. As such, the differential branching prob-

ability per phase-space element is given by the

derivative of the Sudakov factor,

d

dQ2

(
1 − ∆(Q2

0,Q
2)
)
=

−

∫
dΦ3

dΦ2
δ(Q2 − Q2(Φ3)) a0

3 ∆(Q2
0,Q

2) , (1)

where the δ function projects out a contour of con-

stant Q2 in the 2 → 3 antenna phase space and

we leave colour and coupling factors implicit in a0
3
.

Typically, the phase space is then rewritten explic-

itly in terms of Q and two complementary phase-

space variables, which we denote ζ and φ:

d ln∆(Q2
0,Q

2)

dQ2
=

∫ ζ+(Q)

ζ−(Q)
dζ

∫ 2π

0

dφ

2π

|J| a0
3

16π2m2
, (2)

with m the invariant mass of the mother (2-parton)

antenna. The Jacobian factor |J| arises from the

transformation to the (Q, ζ) variables and the ζ±
phase-space boundaries are defined by the specific

choice of Q and ζ, see e.g. [13]. It is now straight-

forward to apply more derivatives, in ζ and φ, to

obtain the fully differential branching probability

in terms of the shower variables.

The essential point is that, for a0
3

to be the proper

subtraction term for NLO calculations, it must

contain all relevant poles corresponding to single-

unresolved limits of QCD matrix elements. Thus,

a shower based on a0
3

is guaranteed to produce the

same LL structure as DGLAP ones in the collinear

limit [25, 26], while simultaneously respecting the

dipole coherence embodied by the eikonal formula

in the soft limit; the latter without a need to average

over azimuthal angles (as required for the angular-

ordered approach to coherence, see e.g. [27]).

Generalising this formalism to use NNLO sub-

traction terms requires the introduction of the one-

loop correction to a0
3
, call it a1

3, as well as the tree-

level double-emission antenna function, a0
4
. Ex-

plicit forms for all second-order antennae in QCD

can be found in [19], including their pole struc-

ture and factorisation properties in all single- and

double-unresolved limits2. Note that a1
3 contains

explicit singularities which appear as poles in ε in

dimensional regularisation. These are cancelled by

the poles in a0
4 upon integration of one unresolved

parton (while logarithms beyond those generated at

LL will in general remain).

By analogy with eq. (1), we define the differen-

tial branching probability as

d

dQ2
∆(Q2

0,Q
2) =

∫
dΦ3

dΦ2
δ(Q2 − Q2(Φ3))

(
a0

3 + a1
3

)
∆(Q2

0,Q
2)

+

∫
dΦ4

dΦ2
δ(Q2 − Q2(Φ4)) a0

4 ∆(Q2
0,Q

2) , (3)

2Note that, for the 4-parton antenna functions, [19] only

provides explicit formulae summed over permutations of iden-

tical gluons. These must then subsequently be partitioned into

individual (sub-antenna) contributions from each permutation

separately.

2

Limited manpower but expect this in PYTHIA within the next ~ 2 years.
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๏pT kicks from hadronisation: Gaussian pT 
distribution with width ~ 300 MeV (+ ρ 
decays) 

๏Difficult for any hadron to have |p| < 300 MeV.  
•Can you make a pion stand still? 
•Non-relativistic pions 

๏Data from both LEP and LHC indicate softer 
pion spectrum 

๏Cut at |p| = 200 MeV makes this a bit tough 
to examine clearly 

•3 hits down to ~ 50 MeV ? 
•Special runs / setups with lower thresholds?

Monash UQCD Phys ics  a t  Future  Lepton Col l iders
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Figure 3: Hadronic Z decays at
p
s = 91.2GeV. Charged-particle multiplicity (left) and momentum-

fraction (right) spectra.

its large �? value, produce a narrower nCh spectrum, with in particular a smaller tail towards large
multiplicities. All the tunes produce a sensible momentum spectrum. The dip around |ln(x)| ⇠ 5.5
corresponds to the extreme soft-pion tail, with momenta at or below ⇤QCD. We did not find it possible
to remove it by retuning, since a smaller b parameter would generate significantly too high particle
multiplicities and a smaller �? would lead to conflict with the event-shape distributions.

A zoom on the high-momentum tail is provided by the left-hand plot in fig. 4, which shows a
comparison on a linear momentum scale, to a measurement by ALEPH [38] (now including Z ! bb̄
events as well as light-flavour ones). All the tunes exhibit a mild overshooting of the data in the region
0.5 < xp < 0.8, corresponding to 0.15 < | ln(x)| < 0.7, in which no similar excess was present in
the L3 comparison. We therefore do not regard this as a significant issue6 but note that the excess is
somewhat milder in the Fischer and Monash tunes.

Further information to elucidate the structure of the momentum distribution is provided by the
plot in the right-hand pane of fig. 4, which uses the same |ln(x)| axis as the right-hand plot in fig. 3
and shows the relative particle composition in the Monash tune for each histogram bin. (The category
“Other” contains electrons and muons from weak decays.) An interesting observation is that the
relatively harder spectrum of Kaons implies that, for the highest-momentum bins, the charged tracks
are made up of an almost exactly equal mixture of Kaons and pions, despite Kaons on average only
making up about 10% of the charged multiplicity.

6One might worry whether the effect could be due solely to the Z ! bb̄ events which are only present in the ALEPH
measurement, and if so, whether this could indicate a significant mismodeling of the momentum distribution in b events.
However, as we show below in the section on b fragmentation, the charged-particle momentum distribution in b-tagged
events shows no excess in that region (in fact, it shows an undershooting).
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Plenty of other interesting detailed features
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D*

(plots from 
mcplots.cern.ch)

dNch/dy

Tip of jet

Just a few examples

K

Capabilities for hadrons from decays (π0, η, η’, ρ, ω, K*, φ, Δ, Λ, Σ, Σ*, Ξ, Ξ*, Ω, …)
Very challenging; conflicting measurements from LEP+ heavy-flavour hadrons

Very little on 
charm from LEP Tips of jets

Low-Momentum Strange 
vs Non-strange hadrons

Recall: opposite trend for π

http://mcplots.cern.ch


L3?
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Point of view A: small effects, and didn’t you say toy model anyway?

Point of view B: this illustrates the kinds of things we can examine, with precise measurements

(plots from 
mcplots.cern.ch)

Flavour (in)dependence? (Controlling for feed-down?) Gauss vs Thermal?

http://mcplots.cern.ch

